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A function f has derivatives of all orders at 0.x =  Let ( )nP x  denote the nth-degree Taylor polynomial  

for f about 0.x =  

(a)   It is known that ( )0 4f = −  and that ( )1

1
3.

2
P = −  Show that ( )0 2.f ′ =  

(b)   It is known that ( ) 2
0

3
f ′′ = −  and ( ) 1

0 .
3

f ′′ =′  Find ( )3 .P x  

(c)   The function h has first derivative given by ( ) ( )2 .h x f x′ =  It is known that ( )0 7.h =  Find the 

third-degree Taylor polynomial for h about 0.x =  

  
   
(a) ( ) ( ) ( ) ( )1 0 0 4 0P x f f x f x′ ′= + = − +  

 

( ) ( )

( )

( )

1

1 1
4 0 · 3

2 2

1
0 · 1
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P f
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f

′= − + = −

′ =
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2 : 
( )

( )
1 1 : uses 

 1 : verifies 0 2 

P x
f ′ =


®
¯

 

 

(b) ( ) ( ) 2

3

3

2 3

2 1
4 2 · ·

3 2!

1 1

3 3!

4 2
3 18

x xP x x

x xx

+

= − −

=

+ +

− + + −
 

 

 

 

3 : 

 1 : first two terms

 1 : third term

 1 : fourth term


°
®
°̄

 

 

(c) Let ( )nQ x  denote the Taylor polynomial of degree n for h about 

0.x =  

 

( ) ( ) ( ) ( ) ( )23

1
2 4 2 2 2

3
h x x Q x x xf ′⇒ = − + −′ =   

( ) ( ) ( )
2 3

3 3

4
4 4 · · ; 0 0 7

2 3 3

x xQ x x C C Q h= − + − + = = =   

( ) 2 3

3

4
7 4 2

9
Q x x x x= − + −  

 

OR 

 

( ) ( ) ( ) ( ) ( ) ( )2 42 , 2 , 2h x f h x f hx xfx x′ ′′ ′ ′′′ ′′= = =  

( ) ( ) ( ) ( ) ( ) ( ) 8
0 4, 0 4,0 0 2 00 4

3
h f h f h f′ ′′ ′ ′= ′′− = ′′= = −= =  

( )
2 3

2 3

3

8 4
7 4 4 · · 7 4 2

2! 3 3! 9

x xQ x x x x x= − + − = − + −  

4 : 

( ) ( ) 2 : applies  

 1 : constant term

 1 : remaining term
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s

h xx f′ =
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Let ( ) ( )3ln 1 .f x x= +  

(a) The Maclaurin series for ( )ln 1 x+  is ( )
2 3 4

1
1 .

2 3 4

n
nx x x xx n
+− + − + + − � +" "  Use the series to write 

the first four nonzero terms and the general term of the Maclaurin series for f. 
(b) The radius of convergence of the Maclaurin series for f is 1. Determine the interval of convergence. Show 

the work that leads to your answer. 

(c) Write the first four nonzero terms of the Maclaurin series for ( )2 .f t′  If ( ) ( )2

0
,

x
g x f t dt′= ∫  use the first 

two nonzero terms of the Maclaurin series for g to approximate ( )1 .g  

(d) The Maclaurin series for g, evaluated at 1,x =  is a convergent alternating series with individual terms  

that decrease in absolute value to 0. Show that your approximation in part (c) must differ from ( )1g  by  

less than 
1

.
5

 

(a) ( )
6 9 12 3

13 1
2 3 4

n
nx x x xx n
+− + − + + − � +" "  

 

2 : { 1 : first four terms

1 : general term
 

(b) The interval of convergence is centered at 0.x =   

At 1,x = −  the series is 
1 1 1 1

1 ,
2 3 4 n− − − − − − −" "  which 

diverges because the harmonic series diverges.  

At 1,x =  the series is ( ) 11 1 1 1
1 1 ,

2 3 4
n

n
+− + − + + − � +" "  the 

alternating harmonic series, which converges. 
 

Therefore the interval of convergence is 1 1.x− < ≤  
 

2 : answer with analysis 
 

(c) The Maclaurin series for ( ) ,f x′  ( )2 ,f t′  and ( )g x  are 

( ) ( ) 1 3 1 2 5 8 11

1

: 1 3 3 3 3 3
n n

n
f x x x x x x

f
+ −

=

′ − � = − + − +¦ "  

( ) ( ) 12 6 2 4 10 16 22

1

: 1 3 3 3 3 3
n n

n
f t t t t t t

f
+ −

=

′ − � = − + − +¦ "  

( ) ( )
6 1 5 11 17 23

1

1

3 3 3 3 3
: 1

6 1 5 11 17 23

n
n

n

x x x x xg x n

f −
+

=
− � = − + − +

−¦ "  

Thus
 
( ) 3 3 18
1 .

5 11 55
g | − =  

 

4 : 

( )
( )
( )

2

2

 1 : two terms for 

 1 : other terms for 

 1 : first two terms for 

 1 : approximation

f t

f t

g x

⎧ ′
⎪
⎪ ′
⎨
⎪
⎪
⎩

 

(d) The Maclaurin series for g evaluated at 1x =  is alternating, and the 

terms decrease in absolute value to 0.  

Thus ( )
1718 3 1 3 1

1 .
55 17 17 5

g �− < = <  

1 : analysis 

 


